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Abstract Amultistage irreversible Carnot heat engine systemoperating between a finite thermal capacity
high-temperature fluid reservoir and an infinite thermal capacity low-temperature environment with
a generalized heat transfer law [q ∝ (∆(T n))m] is investigated in this paper. Optimal control theory is
applied to derive the continuous Hamilton-Jacobi-Bellman (HJB) equations, which determine the optimal
fluid temperature configurations formaximumpower output under the conditions of fixed initial time and
fixed initial temperature of the driving fluid. Based on the universal optimization results, the analytical
solution for the case with Newtonian heat transfer law (m = 1, n = 1) is further obtained. Since there
are no analytical solutions for other heat transfer laws, the continuous HJB equations are discretized and
the dynamic programming (DP) algorithm is performed to obtain the complete numerical solutions of
the optimization problem. Then the effects of the internal irreversibility and heat transfer laws on the
optimization results are analyzed in detail. The results obtained can provide some theoretical guidelines
for the optimal design and operation of practical energy conversion and transfer processes and systems.
© 2013 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY license. 1. Introduction
In analysis of finite time thermodynamics or entropy gen-
eration minimization [1–15], the basic thermodynamic model
is the endoreversible Newtonian law system in which only
the irreversibility of the linear finite rate heat transfer is
considered. Novikov [16], Chambadal [17], and Curzon and
Ahlborn [18] first derived the maximum power output and
corresponding efficiency of an endoreversible Carnot heat en-
gine cycle with the Newtonian heat transfer law [q ∝ ∆(T )],
i.e. ηCA = 1 − √TL/TH , where TH and TL are the tempera-
tures of heat source and heat sink, respectively. Yan [19] de-
rived the relation between the optimal efficiency and optimal
power output for an endoreversible Carnot heat engine, i.e. the
fundamental optimal relation of the Carnot heat engine with
∗ Corresponding author. Tel.: +86 27 836 15046; fax: +86 27 836 38709.
E-mail addresses: lingenchen@hotmail.com, lgchenna@yahoo.com
(L. Chen).
Peer review under responsibility of Sharif University of Technology.
1026-3098© 2013 Sharif University of Technology. Production and hosting by Els
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the holographic power versus efficiency spectrum, and formed
the finite time thermodynamic optimization criteria for the pa-
rameter selection of an endoreversible Carnot heat engine with
Newtonian heat transfer law. In general, heat transfer is not
necessarily Newtonian. Gutowicz-Krusion et al. [23] first de-
rived the maximum power and the corresponding thermal effi-
ciency bound of an endoreversible Carnot heat engine with the
generalized convective heat transfer law [q ∝ (1T )m]. Some
authors have assessed the effects of the linear phenomenolog-
ical heat transfer law [q ∝ ∆(T−1)] and radiative heat trans-
fer law [q ∝ ∆(T 4)] on the performance of endoreversible
Carnot heat engines [24–28]. Chen et al. [29–31], Angulo-Brown
and Paez-Hernandez [32] and Huleihil and Andresen [33]
derived the optimal relation between power output and ef-
ficiency with the generalized convective heat transfer law
[29,30,32,33] and mixed heat resistances [31]. De Vos [34,35]
first derived the maximum power output and the correspond-
ing efficiency of an endoreversible Carnot heat engine with the
generalized radiative heat transfer law [q ∝ (1T n)]. Chen
and Yan [36] and Gordon [37] further derived the optimal
relation between the power output and efficiency of the en-
doreversible Carnot heat engine, based on this heat transfer
law. One of aims of finite time thermodynamics is to pur-
sue generalized rules and results. Li et al. [38] derived the
evier B.V. Open access under CC BY license. 
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an endoreversible Carnot heat engine with a generalized heat
transfer law [q ∝ (∆(T n))m], in which the results in Refs.
[16–37] were included. However, the work mentioned above
was restricted to static optimization research into a class of
single-stage steady systems, and the optimization methods
used are also very simple. Since the mid 1990s, dynamic op-
timization researches on complex multistage unsteady ther-
modynamic systems using the Hamilton–Jacobi–Bellman (HJB)
theory has always been a very important research field
in finite time thermodynamics. Sieniutycz [5,7,11,39–45],
Sieniutycz and Spakovsky [46], and Szwast and Sieniutycz [47]
investigated the maximum power output of Newtonian law
multistage continuous endoreversible Carnot heat engine sys-
tems, operating between a finite thermal capacity high-
temperature fluid reservoir and an infinite thermal capacity
low-temperature environment, by applying the HJB theory [5,
7,11,39–43,46], and the results were further extended to the
multistage discrete endoreversible Carnot heat engine system
[5,7,11,44,45,47]. Li et al. [48] further considered that bothhigh-
and low-temperature sides are finite thermal capacity fluid
reservoir, and investigated the problems of maximizing the
power output of multistage continuous endoreversible Carnot
heat engine systems with the Newtonian heat transfer law. Xia
et al. [49,50] further considered that the heat transfer processes
obeyed q ∝ (1T )m [49] and q ∝ (∆(T n))m [50] heat transfer
laws, respectively, and investigated the maximum power out-
put of a multistage continuous endoreversible Carnot heat en-
gine system with the finite thermal capacity high-temperature
fluid reservoir by applying the HJB theory.
However, real heat engines are usually devices with internal
and external irreversibilities. Besides the irreversibility of
finite rate heat transfer, there are also other sources of
irreversibilities, such as the bypass heat leakage, dissipation
processes inside the working fluid, etc. Some authors have
assessed the effects of finite rate heat transfer, together with
major irreversibilities, on theperformance of heat engines using
the heat resistance and bypass heat leakage model [24,51–53],
heat resistance and internal irreversibility model [54]. Chen [9],
Chen and Sun [55] and Chen et al. [56] established a generalized
irreversible Carnot heat engine model which took account of
the effect of heat resistance, bypass heat leakage and other
internal irreversibility, andderived its optimal relation between
power output and efficiency with the Newtonian heat transfer
law. Chen et al. [57] and Zhou et al. [58] further derived the
fundamental optimal relation between the power output and
efficiency of the generalized irreversible Carnot heat engine
with generalized radiative [57] and generalized convective [58]
heat transfer laws, respectively. Chen et al. [59] derived the
optimal relation between the power output and efficiency
of a generalized irreversible Carnot heat engine with heat
transfer law q ∝ (∆(T n))m, in which the results in Refs. [9,
16–38,51–58] were included. Sieniutycz and Szwast [60]
and Sieniutycz [11,61] further investigated the maximum
power output of a multistage irreversible Carnot heat engine
system with a finite high-temperature heat reservoir and the
Newtonian heat transfer law, and the irreversibility includes
the heat resistance and internal dissipation. Li et al. [62] further
investigated the problems of maximizing the power output of
multistage continuous irreversible Carnot heat engine system
with two finite thermal capacity heat reservoirs and Newtonian
heat transfer law. Sieniutycz and Kuran [63,64], Kuran [65]
and Sieniutycz [11,66–69] investigated the maximum power
output of a finite high-temperature fluid reservoir multistageFigure 1: Model of multistage continuous irreversible Carnot heat engine
system with finite high-temperature fluid reservoir.
continuous irreversible Carnot heat engine system with the
radiative heat transfer law. Because there are no analytical
solutions for cases with the pure radiative heat transfer law,
the authors of Refs. [11,64–69] obtained the analytical solutions
of the optimization problems by replacing the radiative heat
transfer law by the so called pseudo-Newtonian heat transfer
law [q ∝ α(T 3)(1T )] approximately, which is the Newtonian
heat transfer law with a heat transfer coefficient, α(T 3), as
a function of the cube of the fluid reservoir temperature. Li
et al. [70] further investigated the problems of maximizing
the power output of a multistage continuous endoreversible
Carnot heat engine system with two finite thermal capacity
heat reservoirs and the pseudo-Newtonian heat transfer law.
Sieniutycz [71] further investigated the maximum power
output of the multistage continuous irreversible Carnot heat
engine system with the non-linear heat transfer law [q ∝
α(T n)(1T )], i.e. the Newtonian heat transfer law with a heat
transfer coefficient α(T n) as a function of the n-power of the
fluid reservoir temperature. Xia et al. [72] investigated the
maximumpower output of amultistage continuous irreversible
Carnot heat engine system with generalized convective heat
transfer law by applying the HJB theory.
Based on Refs. [5,7,11,39–50,60–72], this paper will further
investigate the maximum power output of a multistage
irreversible Carnot heat engine system, in which the heat
transfer between the reservoir and the working fluid obeys the
generalized heat transfer law [q ∝ (∆(T n))m] [38,50,59,73–78],
and the irreversibility includes the heat resistance and internal
dissipation.
2. Systemmodeling and characteristic description
The model of a multistage continuous irreversible Carnot
heat engine system with a finite high-temperature fluid
reservoir to be considered is shown in Figure 1. The first
fluid (i.e. the driving fluid) flows along the x-axis, and the
infinitesimal Carnot heat engines are located continuously
between two separated boundary layers of the fluids. Each
infinitesimal Carnot heat engine is the same. During the
infinitesimal length, dx, the infinitesimal Carnot heat engine
absorbs heat from the first fluid, and releases heat to the second
fluid (i.e. environment). The cumulative power is delivered at
the last stage. The thermal capacity of the high-temperature
fluid is finite, and its temperature decreases along the flow
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engine. So, the fluid reservoir of the multistage continuous
irreversible Carnot heat engine system is non-stationary.
However, for each infinitesimal Carnot heat engine, its high-
temperature heat reservoir is stationary. For the convenience
of analysis, the fundamental characteristic of the single stage
irreversible Carnot heat engine with stationary reservoirs will
be firstly derived, and then that of the multistage continuous
irreversible Carnot heat engine system with a non-stationary
fluid heat reservoir will be further obtained.
2.1. Fundamental characteristic of a single-stage stationary
irreversible Carnot heat engine
Each infinitesimal irreversible Carnot heat engine, as shown
in Figure 1, can be assumed to be a single stage irreversible
Carnot heat engine with stationary heat reservoirs. Let the heat
flux rates absorbed and released by theworking fluid in the heat
engine be q1 and q2, respectively. T1 and T2 are the reservoir
temperatures corresponding to the high- and low-temperature
sides, respectively. T1′ and T2′ are the temperatures of the
working fluid corresponding to the high- and low-temperature
sides, respectively. Consider that the heat transfer between
the reservoir and the working fluid obeys the generalized heat
transfer law [q ∝ (∆(T n))m] [38,50,59,73–78], then:
q1 = k1(T n1 − T n1′)m, q2 = k2(T n2′ − T n2 )m (1)
where k1 and k2 are the heat conductance of the heat transfer
process corresponding to high- and low-temperature sides. Let
the internal entropy generation rate of the heat engine be σ int,
then:
σ int = q2/T2′ − q1/T1′ . (2)
According to Refs. [11,60–72], the internal irreversibility factor
of the heat engine is defined as φ = 1 + T1′σ int/q1.
Since σ int > 0, one has φ > 1. In terms of the second
law of thermodynamics, the entropy balance equation of the
irreversible Carnot heat engine is given by:
φk1(T n1 − T n1′)m/T1′ = k2(T n2′ − T n2 )m/T2′ . (3)
From Eqs. (1) and (3), power output P and efficiency η of the
irreversible heat engine are, respectively, given by:
P = q1 − q2 = q1η (4)
η = P/q1 = 1− q2/q1 = 1− φT2′/T1′ . (5)
The irreversibility of the heat engine includes two aspects, one
is the internal entropy generation of the working fluid in the
heat engine, and the other is due to the finite rate heat transfer
between the working fluid and the heat reservoir. Let the total
entropy generation of the irreversible heat engine be σ , then:
σ = q2
T2
− q1
T1
= q1
T2

φ
T2′
T1′
− T2
T1

= q1
T2
(ηC − η). (6)
According to Refs. [5,7,11,60–72,79], the variable T ′ ≡ T2T1′/T2′
is defined. Eq. (6) further gives η = 1 − φT2/T ′. If the heat
engine is endoreversible, i.e. φ = 1, the efficiency is ηφ=1 =
1− T2′/T1′ . The efficiency of the reversible heat engine, i.e. the
Carnot efficiency, is given by ηC = 1 − T2/T1 under the same
conditions. The formula of ηφ=1 is very similar to that of ηC , sovariable T ′ is called the Carnot temperature in Refs. [5,7,11,60–
72,79]. Eq. (6) further gives:
σ = q1

(φ − 1)
T ′
+

1
T ′
− 1
T1

= T1′
T ′
σ int
+ q1

1
T ′
− 1
T1

(7)
where σ int = q1(φ − 1)/T1′ . The total entropy generation
of the irreversible heat engine includes that due to finite rate
heat transfer between the working fluid and that due to the
internal irreversibility of the heat engine, the external entropy
generation rate, σ ext, is given by:
σ ext = q1(T−11′ − T−11 )+ q2(T−12 − T−12′ )
= q1

(φ − 1)

1
T ′
− 1
T1′

+

1
T ′
− 1
T1

. (8)
Substituting T2′ ≡ T2T1′/T ′ into Eq. (3) yields:
T1′ =

T n1 −
(k2)1/m(T n1 − T ′n)
(φk1)1/m(T ′/T2)(mn−1)/m + (k2)1/m
1/n
. (9)
From T2′ ≡ T2T1′/T ′, one obtains the temperature, T2′ , of the
working fluid at the low temperature side, which is given by:
T2′ =

T1T2
T ′
n
− (k2)
1/m[(T1/T ′)n − 1]T n2
(φk1)1/m(T ′/T2)(mn−1)/m + (k2)1/m
1/n
. (10)
By substituting Eq. (9) into Eq. (1), one further obtains the heat
flux rate, q1, as follows:
q1 = k1k2 (T
n
1 − T ′n)m
[(φk1)1/m(T ′/T2)(mn−1)/m + (k2)1/m]m . (11)
Substituting η = 1− φT2/T ′ and Eq. (11) into Eq. (4) yields the
power output:
P = k1k2 (T
n
1 − T ′n)m
[(φk1)1/m(T ′/T2)(mn−1)/m + (k2)1/m]m
×

1− φ T2
T ′

. (12)
By substituting Eq. (11) into Eq. (7), one further obtains the total
entropy generation rate, σ , as follows:
σ = k1k2 (T
n
1 − T ′n)m
[(φk1)1/m(T ′/T2)(mn−1)/m + (k2)1/m]m
×

(φ − 1)
T ′
+ 1
T ′
− 1
T1

. (13)
From Eqs. (9)–(13), all parameters of the heat engine can be
expressed as functions of the Carnot temperature, T ′. If the
optimal T ′ is obtained, the other optimal parameters of the heat
engine can also be obtained from T ′. Therefore, the optimization
problem is simplified by choosing the Carnot temperature, T ′, as
the control variable.
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versible Carnot heat engine system
For the multistage continuous irreversible Carnot heat
engine system, as shown in Figure 1, G is the molar flow rate of
the driving fluid at the high-temperature side, Cp is its constant-
pressure thermal capacity per molar, and the molar thermal
capacity rate of the fluid is GC = GCp. For the convenience of
analysis, both G and Cp, herein, are assumed to be independent
of the temperature, T1, while for the case in which G and Cp
depend on temperature T1, one can analyze it in a similar way
to that adopted in this paper. Let α1 and α2 be the heat transfer
coefficients corresponding to the high- and low-temperature
sides, respectively, aV1 is the heat transfer area between the
driving fluid per unit volume and the working fluid of the heat
engine at the high-temperature side, and F1 is the driving fluid
cross-sectional area, perpendicular to x. The above parameters
are all known for the practical system. The height of the heat
transfer units, HTU = GC/(αaV1F1), where α = α1α2/(α1 + α2)
is the equivalent heat transfer coefficient, is defined in Refs.
[5,7,11,39–50,60–62]. In order to make the derivation process
more general and obtain the results for other non-linear heat
transfer laws, (m ≠ 1 or n ≠ 1), the height of the heat
transfer unit, HTU = GC/(α1aV1F1Tmn−12 ), is defined herein,
and is different from that defined in Refs. [5,7,11,39–50,60–
62]. It has the same unit as length. In terms of the first law of
thermodynamics, one has:
q1/(k1Tmn−12 ) = −GCdT1/(α1aV1F1Tmn−12 dx)
= −GCdT1/(α1aV1F1Tmn−12 vdt) ≡ −dT1/dτ (14)
where v is the linear velocity of the driving fluid, and τ =
x/HTU = vt/HTU is the non-dimensional time. For the
Newtonian heat transfer law, τ is equal to the ratio of total
heat conductance at the high-temperature side to the thermal
capacity rate of the driving fluid, i.e., the number of heat transfer
units, and is generalized for the non-Newtonian heat transfer
law. Thus in this study, τ is called the generalized number
of heat transfer units. It is evident that optimizing with the
variable τ is equivalent to that with position x or physical time
t . From Eq. (14), one obtains the heat conductance, k1, of each
infinitesimal irreversible Carnot heat engine, as follows:
k1 = GCdτ/Tmn−12 . (15)
For the given integration section [τi, τf ], the boundary tem-
peratures of the driving fluid are denoted as T1(τi) = T1i and
T1(τf ) = T1f . Then the power output W˙ and the entropy gener-
ation rate σs are, respectively, given by:
W˙ = −
 T1f
T1i
GCηdT1 = −
 T1f
T1i
GC

1− φ T2
T ′

dT1
= −
 τf
τi
GC

1− φ T2
T ′

T˙1dτ (16)
σs = −
 T1f
T1i
GC

φ
T ′
− 1
T1

dT1 = −
 T1f
T1i
GC
T2
× (ηC − η)dT1 = −
 τf
τi
GC

φ
T ′
− 1
T1

T˙1dτ (17)
where T˙1 = dT1/dτ , and the dot notation signifies the
derivative with respect to the non-dimensional time τ . If φ = 1
and the multistage irreversible heat engine system turns to be
endoreversible, it follows from Eq. (16) that:
W˙rev = GC [T1i − T1f − T2 ln(T1i/T1f )] (18)where W˙rev is the reversible power output performance limit.
If T1f = T2 further, the reversible power output performance
limit W˙rev turns to be the classical thermodynamic exergy
function Aclass of the ideal fluid. For the irreversible Carnot
heat engine system considered herein, there exist losses of
irreversibility due to the finite rate heat transfer and the
internal irreversibility of the heat engine, and the high-
temperature driving fluid temperature cannot decrease to the
low-temperature environment temperature T2 in a finite time.
So, the maximum value of Eq. (18) is smaller than Aclass
consequentially. Combining Eq. (11) with Eq. (14) yields:
dT1
dτ
= −k2 (T
n
1 − T ′n)m
[(φk1)1/m(T ′/T2)(mn−1)/m + (k2)1/m]mTmn−12
. (19)
Substituting Eq. (19) into Eqs. (16) and (17), respectively, yields:
W˙ =
 τf
τi
GC
(T n1 − T ′n)m
[(φk1/k2)1/m(T ′/T2)(mn−1)/m + 1]mTmn−12
×

1− φ T2
T ′

dτ (20)
σs =
 τf
τi
GC
(T n1 − T ′n)m
[(φk1/k2)1/m(T ′/T2)(mn−1)/m + 1]mTmn−12
×

φ
T ′
− 1
T1

dτ . (21)
3. HJB equation for the optimization problem
The problem now is to determine the maximum value
of Eq. (20) subject to the constraint of Eq. (19). The control
variable is T ′ ≡ T2T1′/T2′ , and the inequality T1 > T1′ >
T2′ > T2 always holds for the heat engine, so one obtains
T2 ≤ T ′ ≤ T1. This optimal control problem belongs to a
variational problem whose control variable has the constraint
of a closed set, and the Pontryagin’sminimumvalue principle or
Bellman’s dynamic programming theory [5,7,11,80,81] may be
applied.When the state vector dimension of the optimal control
problem is small, the numerical optimization conducted by the
dynamic programming theory is very efficient. Let the optimal
performance objective of the problem be W˙max(T1i, τi, T1f , τf ),
and the admissible control set of the control variable T ′(t)
is denoted as Ω . The performance objective of the control
problem can be expressed as follows:
W˙max(T1i, τi, T1f , τf ) ≡ max
T ′(t)∈Ω
[W˙ (T1i, τi, T1f , τf )]
= max
T ′(t)∈Ω
 τf
τi
f0(T1, T ′, τ )dτ

(22)
where f0(T1, T ′) is given by:
f0(T1, T ′, τ ) = GC (T1 − T
′)m
[(φk1/k2)1/m(T ′/T2)(m−1)/m + 1]mTm−12
×

1− φ T2
T ′

. (23)
The HJB equation of the optimization problem is given by:
∂W˙max
∂τ
+ max
T ′(τ )∈Ω

f0(T1, T ′, τ )+ ∂W˙max
∂T1
f (T1, T ′, τ )

= 0 (24)
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f (T1, T ′, τ )
= − (T
n
1 − T ′n)m
[(φk1/k2)1/m(T ′/T2)(mn−1)/m + 1]mTmn−12
. (25)
Substituting Eqs. (23) and (25) into Eq. (24) yields:
∂W˙max
∂τ
+ max
T ′(τ )∈Ω

GC

1− φ T2
T ′

− ∂W˙max
∂T1

× (T1 − T
′)m
[(φk1/k2)1/m(T ′/T2)(m−1)/m + 1]mTm−12

= 0. (26)
There is an analytical solution of Eq. (26) for the only case
with the Newtonian heat transfer law, while for the other heat
transfer laws, one has to use numerical methods. Consider that
the continuous differential equation should be discretized for
the numerical calculation performed on the computer, and then
the discrete equations are given based on Eq. (26), as follows:
W˙N =
N
i=1

GC

1− φ T2
T ′i

× (T
i
1 − T ′i)mθ i
[(φk1/k2)1/m(T ′i/T2)(m−1)/m + 1]mTm−12

(27)
T i1 − T i−11 = −
(T i1 − T ′i)m
[(φk1/k2)1/m(T ′i/T2)(m−1)/m + 1]mTm−12
θ i (28)
τ i − τ i−1 = θ i. (29)
The optimal control problem is to determine the maximum
value of Eq. (27) subject to the constraints of discrete Eqs.
(28) and (29). Since the state vector (i.e. fluid temperature
T1) dimension of the optimal control problem herein is
one, the dynamic programming is adopted to solve the
optimization problem. From Eqs. (27)–(29), the Bellman’s
backward recurrence equation is given by:
W˙ imax(T
i
1, τ
i) = max
T ′i,θ i
GC

1− φ T2
T ′i

× (T
i
1 − T ′i)m
[(φk1/k2)1/m(T ′i/T2)(m−1)/m + 1]mTm−12
θ i + W˙ i−1max
×
T i1 + θ i (T i1 − T ′i)m[(φk1/k2)1/m(T ′i/T2)(m−1)/m + 1]mTm−12 , τ i − θ i
. (30)
Ifφ = 1 further, Eqs. (26)–(30) become the optimization results
for the maximum power output multistage endoreversible
heat engine system with the generalized heat transfer law
[q ∝ (∆(T n))m] in Ref. [50]. Refs. [11,66,68] discussed
convergence of the discrete recurrence equation of dynamic
programming to the continuous HJB equation in detail. For the
optimization problem considered herein, the term f (T1, T ′, τ )
in Eq. (25) contains the time variable τ inexplicitly. So, Eq.
(30) converges to Eq. (26). The numerical solving process of the
dynamical programming consists of backward calculation and
forward query. For the detailed calculation line of the dynamic
programming, one can refer to Refs. [11,66,68].4. Analyses for special cases
4.1. For the generalized convective heat transfer law
When n = 1, i.e. the heat transfer between theworking fluid
and the heat reservoir obeys the generalized convective heat
transfer law, Eqs. (19) and (26) become, respectively:
dT1
dτ
= −k2 (T1 − T
′)m
[(φk1)1/m(T ′/T2)(m−1)/m + (k2)1/m]mTm−12
(31)
∂W˙max
∂τ
+ max
T ′(t)∈Ω

GC

1− φ T2
T ′

− ∂W˙max
∂T1

× (T1 − T
′)m
[(φk1/k2)1/m(T ′/T2)(m−1)/m + 1]mTm−12

= 0. (32)
Eqs. (31) and (32) are the optimization results obtained in
Ref. [72]. If φ = 1 further, Eqs. (31) and (32) become
the optimization results for the multistage endoreversible
heat engine system with the generalized convective heat
transfer law [49,50,72]. If m = 1 further, the heat transfer
between the working fluid and the heat reservoir obeys
Newtonian heat transfer law. From Eqs. (31) and (32), and
through some mathematical derivations, the optimal reservoir
temperature T1(τ ) and Carnot temperature T ′(τ ) versus the
non-dimensional time τ are, respectively, given by [11,39–50,
60–62,72]:
T1(τ ) = T1i(T1f /T1i)(τ−τi)/(τf−τi) (33)
T ′(τ ) = T1i[(1+ k1/k2) ln(T1f /T1i)/(τf − τi)+ 1]
× (T1f /T1i)(τ−τi)/(τf−τi). (34)
The maximum power output W˙max of the multistage heat
engine system is [11,39–50,60–62,72]:
W˙max = GC

T1i − T1f − φT2 ln T1iT1f

− GCT2φ[ln(T1i/T1f )]
2
(τf − τi)/[1+ φ(k1/k2)] − ln(T1i/T1f )
= W˙rev − T2σs. (35)
From Eqs. (34) and (35), and for the fixed parameters of initial
time τi and initial state T1i, the optimal control T ′ and the
extremum power W˙max are functions of final time τf and final
T1f . One can refer to Refs. [49,50,72] for the detailed relationship
between T ′, W˙max, τf and T1f .
If m = 1.25 further, i.e. the heat transfer between the
working fluid and the heat reservoir obeys the Dulong–Petit
heat transfer law [82], Eqs. (31) and (32) become the
optimization results for the multistage irreversible heat engine
system with the Dulong–Petit heat transfer law.
4.2. For the generalized radiative heat transfer law
When m = 1, i.e. the heat transfer between the working
fluid and the heat reservoir obeys the generalized radiative heat
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dT1
dτ
= −k2 (T
n
1 − T ′n)
[φk1(T ′/T2)n−1 + k2]T n−12
(36)
∂W˙max
∂τ
+ max
T ′(t)∈Ω

GC

1− φ T2
T ′

− ∂W˙max
∂T1

× (T
n
1 − T ′n)
[(φk1/k2)(T ′/T2)n−1 + 1]T n−12

= 0. (37)
If φ = 1, Eqs. (36) and (37) become the optimization results
for the multistage endoreversible heat engine system with the
generalized radiative heat transfer law in Ref. [50]. If n = 1
further, the results for the multistage irreversible heat engine
system with Newtonian heat transfer law are also obtained;
if n = −1 further, Eqs. (36) and (37) become the results for
the case with the linear phenomenological heat transfer law. If
n = 4 further, Eqs. (36) and (37) become the results for the case
with the radiative heat transfer law.
5. Numerical examples and discussions
Assume that the molar flux rate of the high-temperature
driving fluid is G = 1 mol/s, and its constant-pressure thermal
capacity per molar is Cp = 52.8 J/(mol K), the thermal capacity
rate of the high-temperature driving fluid is GC = GCp =
52.8 W/K. The initial temperature of the driving fluid is T10 =
2800 K, and its line velocity is v = 1m/s. The low-temperature
environment temperature is T2 = 300 K. The values of the
height of the heat transfer unit for Newtonian, Dulong–Petit,
linear phenomenological, radiative and q ∝ (∆(T 4))1.25 heat
transfer laws are set to be HTU = GC/(α1aV1F1) = 25 m,HTU =
GC/(α1aV1F1T 0.252 ) = 29.5 m, HTU = GCT 22 /(α1aV1F1) =
−1.9 m,HTU = GC/(α1aV1F1T 32 ) = 4000 m and HTU =
GC/(α1aV1F1T 42 ) = 1.2 × 104 m, respectively. Let τi = 0
and the total fluid flow time be t1 = 150 s, then the non-
dimensional final time for Newtonian, Dulong–Petit, linear
phenomenological, radiative and q ∝ (∆(T 4))1.25 heat transfer
laws are τf = 6, τf = 5.085, τf = −78.9, τf = 0.0375 and
τf = 0.0125, respectively. Let k1 = k2, and the total stage
of the multistage heat engine system be N = 100. The grid
division of the non-dimensional time coordinate is linear, so
θ i = 0.06, θ i = 0.051, θ i = −0.79, θ i = 3.75 × 10−4 and
θ i = 1.25 × 10−4 are obtained for Newtonian, Dulong–Petit,
linear phenomenological, radiative and q ∝ (∆(T 4))1.25 heat
transfer laws, respectively. The irreversibility factor is set to be
φ = 1, φ = 1.2 and φ = 1.5, respectively, in order to analyze
the effects of internal irreversibility on the performance of the
multistage heat engine system.
There are analytical solutions for the optimization problem
with the Newtonian heat transfer law, i.e. Eqs. (33)–(35), while
for cases with other heat transfer laws, only numerical solu-
tions could be obtained by applying the dynamic programming
algorithm. For the convenience of differentiating between the
methods, the former method is called ‘‘analytical optimization’’
herein, while the latter method is called ‘‘numerical optimiza-
tion’’. In order to check the validity of the dynamic program-
ming algorithm, both methods were applied to the case with
the Newtonian heat transfer law in Ref. [72], and the error
analysis showed that the maximum relative error of the key
parameter optimization results obtained by the dynamic pro-
gramming numerical algorithm is 0.92% compared to their an-
alytical solutions. Thus the numerical method of the dynamicFigure 2: The optimal driving fluid temperature T1 versus the dimensionless
time τ for the linear phenomenological heat transfer law (fixed T1f ).
Figure 3: The optimal Carnot temperature T ′ versus the dimensionless time τ
for the linear phenomenological heat transfer law (fixed T1f ).
Figure 4: The optimal power output W˙i of each stage heat engine versus the
stage i for the linear phenomenological heat transfer law (fixed T1f ).
programming algorithm is effective in solving the optimal
control problem herein and is applied to cases with linear
L. Chen et al. / Scientia Iranica, Transactions B: Mechanical Engineering 20 (2013) 301–312 307Table 1: Optimization results of the key parameters of the multistage irreversible heat engine system with different heat transfer laws.
Case Key
parameters
m = 1,
n = 1 [72]
m = 1.25,
n = 1 [72]
m = 1,
n = −1
m = 1,
n = 4
m = 1.25,
n = 4
Fixed T1f
(t1 = 150 s
T1f = 1400 K)
φ = 1.0 T ′(0) 2153.1 K 1899.0 K 1780.3 K 1026.2 K 1000.6 K
W˙max 5.96× 104 W 5.77× 104 W 5.84× 104 W 4.41× 104 W 4.32× 104 W
φ = 1.2 T ′(0) 2088.4 K 1819.6 K 1775.3 K 967.1 K 956.8 K
W˙max 5.63× 104 W 5.36× 104 W 5.53× 104 W 3.59× 104 W 3.54× 104 W
φ = 1.5 T ′(0) 1991.3 K 1710.5 K 1767.7 K 898.9 K 905.7 K
W˙max 5.08× 104 W 4.69× 104 W 5.05× 104 W 2.28× 104 W 2.31× 104 W
Free T1f
(t1 = 150 s)
φ = 1.0
T ∗1f 838.0 K 933.6 K 412.8 K 1244.5 K 1205.7 K
T ′(0) 1674.1 K 1512.4 K 1377.8 K 962.3 K 941.3 K
W˙ ∗max 7.16× 104 W 6.61× 104 W 8.16× 104 W 4.49× 104 W 4.45× 104 W
φ = 1.2
T ∗1f 968.2 K 1070.4 K 519.8 K 1422.3 K 1377.8 K
T ′(0) 1709.7 K 1541.6 K 1405.5 K 975.5 K 950.4 K
W˙ ∗max 6.37× 104 W 5.80× 104 W 7.28× 104 W 3.59× 104 W 3.54× 104 W
φ = 1.5
T ∗1f 1143.3 K 1258.2 K 689.2 K 1683.1 K 1639.0 K
T ′(0) 1755.1 K 1586.2 K 1459.6 K 1007.1 K 972.9 K
W˙ ∗max 5.35× 104 W 4.78× 104 W 6.14× 104 W 2.54× 104 W 2.47× 104 Wphenomenological and other non-linear heat transfer laws in
this section directly.
5.1. Numerical examples for multistage heat engines with the
linear phenomenological heat transfer law:
5.1.1. For fixed final temperature T1f
Let the process time be t1 = 150 s and T1f = 1400 K. Table 1
lists optimization results of the key parameters of the multi-
stage irreversible heat engine system for maximum power out-
put with different heat transfer laws. Figures 2 and 3 show the
optimal driving fluid temperature T1 and Carnot temperature T ′
versus the dimensionless time τ for the maximum power out-
put of the systemwith the linear phenomenological heat trans-
fer law. Figure 4 shows the corresponding optimal power out-
put W˙i of each stage heat engine versus the stage i. From Fig-
ure 2, one can see that the fluid temperature increases linearly
with the increase of the time |τ |. This is independent of the ir-
reversibility factor φ. From Figure 3, one can see that the pro-
files of the Carnot temperature T ′ versus the time |τ | are dif-
ferent for cases with different irreversibility factors. The Carnot
temperature T ′ decreases non-linearly with the increase of the
time |τ |; for the same time |τ |, the Carnot temperature T ′ de-
creases with the increase of the irreversibility factor φ. From
Table 1, one can see that when φ = 1.0, T ′(0) = 1780.3 K and
W˙max = 5.84 × 104 W; when φ = 1.2, T ′(0) = 1775.3 K and
W˙max = 5.53 × 104 W; when φ = 1.5, T ′(0) = 1767.7 K and
W˙max = 5.05 × 104 W. With the increase of the irreversibility
factor φ, both the initial Carnot temperature T ′(0) and maxi-
mum power output W˙max of the system decrease, i.e., both the
maximum power output of the multistage heat engine system
with the linear phenomenological heat transfer law and the cor-
responding optimal control are different for the cases with dif-
ferent irreversibility factors. From Figure 4, one can see that
the optimal power outputs W˙i of each stage heat engine versus
the stage i are different for the cases with different irreversibil-
ity factors. When the stage i is the same, the power output W˙i
decreases with the increase of the irreversibility factor φ. This
shows that both the changes of the internal irreversibility fac-
tor φ and the boundary temperature T1f have significant effects
on the power output of the multistage heat engine systemwith
the linear phenomenological heat transfer law and fixed final
temperature T1f .Figure 5: The optimal driving fluid temperature T1 versus the dimensionless
time τ for the linear phenomenological heat transfer law (free T1f ).
Figure 6: The optimal Carnot temperature T ′ versus the dimensionless time τ
for the linear phenomenological heat transfer law (free T1f ).
5.1.2. For free final temperature T1f
Let the process time be t1 = 150 s. Figures 5 and 6 show the
optimal driving fluid temperature T1 and Carnot temperature
T ′ versus the dimensionless time τ for the maximum power
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stage i for the linear phenomenological heat transfer law (free T1f ).
output of the system with the linear phenomenological heat
transfer law. Figure 7 shows the corresponding optimal power
output W˙i of each stage heat engine versus the stage i.
The driving fluid temperature T1 and Carnot temperature T ′
decrease with the increase of time |τ | linearly and non-linearly,
respectively. From Figure 5, one can see that the optimal
final temperature T ∗1f of the driving fluid increases with the
increase of the internal irreversibility factor φ. This shows
that the changes of the internal irreversibility factor φ have
effects on the driving fluid temperature distribution for the
maximum power output of the multistage heat engine system.
From Figure 6, one can see that the Carnot temperature T ′
increases with the increase of the internal irreversibility factor
φ when the final temperature T1f is free. This conclusion is
in contrast to that obtained for the case with the fixed final
temperature. It is evident that both boundary conditions and
internal irreversibility have effects on the maximum power
output of the multistage heat engine system. From Table 1,
one can see that when φ = 1.0, T ∗1f = 412.8 K, T ′(0) =
1377.8 K and W˙ ∗max = 8.16 × 104 W; when φ = 1.2, T ∗1f =
519.8 K, T ′(0) = 1405.5 K and W˙ ∗max = 7.28 × 104 W; and
when φ = 1.5, T ∗1f = 689.2 K, T ′(0) = 1459.6 K and W˙ ∗max =
6.14× 104 W, i.e. with the increase of the irreversibility factor
φ, the optimal final temperature T ∗1f increases, the initial Carnot
temperature T ′(0) also increases, and the maximum power
output W˙ ∗max of the system decreases. It is evident that all of
themaximumpower output W˙ ∗max of themultistage heat engine
system with the linear phenomenological heat transfer law,
the corresponding optimal final temperature T ∗1f and optimal
control T ′(0) are different for caseswith different irreversibility
factors φ. From Figure 7, one can see that when the stage i is
small, the power output W˙i decreases with the increase of the
irreversibility factor φ, and the differences among the optimal
profiles of the power output W˙i versus the stage iwith different
irreversibility factorsφ decreasewith the increase of the stage i.
It is evident that the optimal profiles of the power output W˙i of
each stage heat engine versus stage i are different for different
irreversibility factorsφ. This shows that the irreversibility factor
φ has significant effects on the power output of the multistage
heat engine system with the linear phenomenological heat
transfer law and free final temperature T1f .Figure 8: The optimal driving fluid temperature T1 versus the time t for
different heat transfer laws (fixed T1f ).
Figure 9: The optimal Carnot temperature T ′ versus the time t for different
heat transfer laws (fixed T1f ).
5.2. Comparison of the optimization results with different heat
transfer laws
5.2.1. For the fixed final temperature T1f
Let the irreversibility factor be φ = 1.2, the total time be
t1 = 150 s and the final temperature T1f = 1400 K. Figures 8
and 9 show the optimal fluid temperature T1 and optimal
Carnot temperature T ′ versus the time t for the fixed final
temperature T1f and different heat transfer laws, respectively.
Figure 10 shows the optimal power output W˙i of each stage
heat engine versus the stage i for different heat transfer laws.
From Figure 8, one can see that the driving fluid temperature
T1 for the Newtonian heat transfer law decreases exponentially
with the time t . The driving fluid temperature T1 for the linear
phenomenological heat transfer law decreases with the time t
linearly; the driving fluid temperature T1 for the Dulong–Petit
heat transfer law decreases with the time t nonlinearly, and
is slightly lower than that with the Newtonian heat transfer
law; the driving fluid temperatures T1 for the radiative and
q ∝ (∆(T 4))1.25 heat transfer law also decrease with the time
t nonlinearly, and is lower than all of the former three special
heat transfer laws. From Figure 9, one can see that the optimal
profiles of the Carnot temperature versus the time t for different
heat transfer laws are different from each other significantly.
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The optimal T ′ − t curve for the linear phenomenological heat
transfer law is upward-convex, while those for the other heat
transfer laws are downward-concave. Besides, the initial and
final point values of each curve are also not equal to each other.
From Table 1, one can see that the maximum power output
of the system for the Newtonian heat transfer law and the
corresponding optimal control are W˙max = 5.63 × 104 W
and T ′(0) = 2088.4 K, respectively; for the Dulong–Petit heat
transfer law, W˙max = 5.36 × 104 W and T ′(0) = 1819.6 K;
for the linear phenomenological heat transfer law, W˙max =
5.53 × 104 W and T ′(0) = 1775.3 K; for the radiative heat
transfer law, W˙max = 3.59 × 104 W and T ′(0) = 967.1 K; and
for the heat transfer law [q ∝ (∆(T 4))1.25], W˙max = 3.54 ×
104 W and T ′(0) = 956.8 K. This shows that when the final
temperature T1f is fixed, the maximum power outputs of the
multistage heat engine system and the corresponding optimal
controls are different for caseswith different heat transfer laws.
From Figure 10, one can see that the power outputs W˙i of each
stage heat engine with Newtonian, Dulong–Petit and radiative
heat transfer laws decreases with the increase of the stage i
non-linearly, and the difference between them also increases
with the increase of stage i. Compared to the results for the
above three special heat transfer laws, the difference between
the power outputs W˙i of each stage heat engine for the linear
phenomenological heat transfer law is small. It is evident that
heat transfer laws have effects on the maximum power output
of the multistage heat engine system and the corresponding
optimal configuration of the driving fluid temperature.
5.2.2. For the free final temperature T1f
Let the irreversibility factor be φ = 1.2 and the total time
be t1 = 150 s. Figures 11 and 12 show the optimal fluid
temperature T1 and optimal Carnot temperature, T ′, versus the
time, t , for the free final temperature, T1f , and different heat
transfer laws, respectively. Figure 13 shows the optimal power
output, W˙i, of each stage heat engine versus the stage, i, for
different heat transfer laws. From Figures 11 and 12, one can
see that the optimal profiles of the driving fluid temperature, T1,
versus the time, t , for cases with different heat transfer laws are
different significantly when the final temperature, T1f , is free.
From Table 1, one can see that the optimal final temperature for
the Newtonian heat transfer law is T ∗1f = 968.2 K, the optimal
control is T ′(0) = 1709.7 K, and the maximum power output
is W˙ ∗max = 6.37 × 104 W; for the Dulong–Petit heat transferFigure 11: The optimal driving fluid temperature T1 versus the time t for
different heat transfer laws (free T1f ).
Figure 12: The optimal Carnot temperature T ′ versus the time t for different
heat transfer laws (free T1f ).
Figure 13: The optimal power output W˙i of each stage heat engine versus the
stage i for different heat transfer laws (free T1f ).
law, T ∗1f = 1070.4 K, T ′(0) = 1541.6 K and W˙ ∗max = 5.80 ×
104 W; for the linear phenomenological heat transfer law, T ∗1f =
519.8 K, T ′(0) = 1405.5 K and W˙ ∗max = 7.28 × 104 W;
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975.5 K and W˙ ∗max = 3.59 × 104 W; for the heat transfer law
[q ∝ (∆(T 4))1.25], T ∗1f = 1377.8 K, T ′(0) = 950.4 K and
W˙ ∗max = 3.54 × 104 W. This shows that when the final
temperature, T1f , is free, heat transfer laws also have effects
on the maximum power output of the multistage heat engine
system and the corresponding optimal configuration of the
driving fluid temperature. From Figure 13, one can see that the
power outputs W˙i of each stage heat engine with Newtonian,
Dulong–Petit and radiative heat transfer laws decreasewith the
increase of the stage, i, non-linearly, but the difference between
them decreases with the increase of the stage i, which is
different from that for the case with the fixed final temperature
T1f . Compared to the results for the above three special heat
transfer laws, the allocation of the power output, W˙i, of each
stage heat engine for the linear phenomenological heat transfer
law is not relatively uniform along the stage, i, which is the
same as the case with the fixed final temperature, T1f , and
its relative change quantity increases with the increase of the
stage, i. From the above analysis, both heat transfer laws and
boundary condition constraints have significant effects on the
power output of the multistage heat engine system.
6. Conclusion
On the bases of Refs. [5,7,11,39–50,60–72], this paper
further investigates the multistage irreversible Carnot heat en-
gine system operating between a finite thermal capacity high-
temperature fluid reservoir and an infinite thermal capacity
low-temperature environment with a generalized heat trans-
fer law [q ∝ (∆(T n))m] [38,50,59,73–78]. Optimal control the-
ory is applied to derive the continuous HJB equations, which
determine the optimal fluid temperature configurations for
maximum power output under the conditions of fixed initial
time and fixed initial temperature of the driving fluid. The re-
sults show that when both the process period and the final
fluid temperature are fixed, there is an optimal control strat-
egy for the power output of the multistage heat engine sys-
tem to achieve its maximum value. The optimal driving fluid
temperature configuration is independent of the internal irre-
versibility factor. However, the internal irreversibility factor has
effects on the maximum power output and the correspond-
ing optimal control strategy. When the final fluid temperature
and the process period are free and fixed, respectively, there is
an optimal final fluid temperature for the power output of the
multistage heat engine system to achieve its maximum value.
The internal irreversibility factor has effects on the optimal
driving fluid temperature configuration, the maximum power
output and the corresponding optimal control strategy. The
optimal high-temperature fluid reservoir temperatures for
the maximum power output of the multistage heat engine
system with Newtonian and linear phenomenological heat
transfer laws decrease exponentially and linearly with time,
respectively, while those with the Dulong–Petit, radiative and
q ∝ (∆(T 4))1.25 heat transfer laws are different from the for-
mer two cases significantly. All optimization objectives, bound-
ary conditions, heat resistance models and the internal ir-
reversibility have significant effects on the results of opti-
mization problems, so changes in these key factors should be
considered and clarified for practical optimization problems.
Research into the maximum power output of the multistage
Carnot heat engine system from the single (Newtonian or ra-
diative) heat transfer law to the generalized heat transfer law[q ∝ (∆(T n))m], and from the analytical method of spe-
cial cases to the dynamical programming numerical method of
general cases, enrich the theory of finite time thermodynam-
ics. The research line and method can be extended to the dy-
namic performance limit research of themultistage heat pump,
the multistage chemical engine [83–85], the multistage chem-
ical pump [86], thermochemical and electrochemical (e.g. fuel
cell) [69,87,88] systems and so on.
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